SURVIVAL PROBABILITIES FOR COMPOUND BINOMIAL RISK MODEL WITH DISCRETE PHASE-TYPE CLAIMS
Introduction
Compound binomial risk model is …rst proposed by Gerber [8] to describe the surplus process of an insurance company. Compound binomial risk model can be described as a special case of discrete time version of the risk model. This model was studied by Shiu [16] , Willmot [20] and Dickson [5] . Recently, Liu et. al. [11] , Liu and Zhao [12] , Eryilmaz [7] , Li and Sendova [10] , Tuncel and Tank [19] and Tank and Tuncel [17] have studied some extensions of compound binomial risk model. Stanford and Stroinski [15] calculated …nite time ruin probabilities for phase type claim size by recursive methods. Wu and Li [21] studied on discrete time SparreAnderson risk model for phase type claims.
The surplus process of an insurance company fU t ; t 2 Ng is de…ned as
Y i , t = 0; 1; ::: (1.1) with U 0 = u (initial surplus), the periodic premium is c and Y i is the claim amount in related period. Suppose that I i be a indicator function which represents the claim occurrence where I i 's are independent and identically distributed (i.i.d.). That is I i = 1 with probability p if a claim occurs in period i and I i = 0 with probability q, otherwise.
Here, the random variable X i strictly positive and fX i ; i 1g forms a sequence of i:i:d: random variables with probability mass function (p.m.f) f (x) = P (X = x):Under these assumptions Eq. (1.1) can be rewritten as
where N n is the total claim number up to time n-th: The compound binomial model can be orally de…ned as a binomial processes with independent increments for claim occurrences. Then the distribution of N n random variables is assumed binomially distributed. That is
Let W 1 denote the time until …rst claim appearance, W 2 denote the time between …rst and second claims and more generally W n denote the time between (n 1)st and n-th claims. Thus W 1 ; W 2 ; :::; W n can be thought as sequence of i.i.d. random variables with geometric distribution P (W n = t) = P (I 1 = 0; :::; I t 1 = 0; I t = 1) = pq t 1 , t = 1; 2; ::: (1.4) For an insurance company, ruin occurs at the …rst time that the surplus reaches to zero or below to zero. Thus the time of ruin, the ultimate probability of ruin and the …nite time probability of ruin are de…ned as follows T = inffU t 0; t = 1; 2; :::g:
(1.5)
(1.7) respectively, where the initial surplus U 0 is u. Complement of Eq. (1.7) is described as follows (u; n) = 1 (u; n) = P (U t > 0; t = 1; 2; :::; n) (1.8) and interpreted as the …nite time survival (non-ruin) probability. It is clear that,
Supposing that net pro…t condition is p X < 1:Under this condition is not certain to occur eventually Eryilmaz [7] :
Recursive formula for survival (non-ruin) probability when the claim occurrences are nonhomogeneous in the compound binomial risk model is given by Tuncel and
Tank [19] . Survival (non-ruin) probabilities after a de…nite time period of an insurance company in a discrete time model based on non-homogenous claim occurrences is studied by Tank and Tuncel [17] . In their studies, the distribution of N n given as
where P (I i = 1) = p i and P (I i = 0) = 1 p i = q i for i 1. Claim occurrence probabilities may subject to be di¤erent between each other under the model assumption which has been given in Eq. (1.3). The distribution of the N n random variable can be stated by using the recursive formulas as given in Eq (1.9). Chen et. al. [4] discussed another recursive formula for computing P (N n = k) . But this formula is occasionally not stability of the distribution when p i 's are close to 1 and n is large. The reader is refered to Chen et. al. [4] for the details.
Tuncel and Tank [19] have proposed the distribution of T random variable as
(1.10) with non-homogenous claim occurrence probabilities for compound binomial risk model in related time periods. In here (t+1;n t) represent ruin time after the t-th period.
Discrete Phase-type distributions
The …rst studies of Phase-Type distributions is appeared at the …rst decade of 20th century. However the …rst modern study on the Phase-Type distributions, shortly written as PH distribution, was introduced by Neuts( [13] ; [14] ). After that, the PH distributions has become popular in di¤erent areas such as applied probability and actuarial risk theory. PH distributions can be either continuous or discrete. In this paper discrete version of the PH distribution is studied.
Discrete PH distributions may describe the time until absorption in a discrete time Markov chain with a …nite number of transient states and one absorbing state. Consider an (m + 1) absorbing discrete time Markov Chain with state space f0; 1; :::; mg and let state "0" be the absorbing state. Namely the …rst m state are transient and the last state is absorbing. In this case transition probability matrix is
where T is a square sub-stochastic matrix of dimension m and all elements are between 0 and 1. t 0 = (t 10 ; :::; t m0 ) is a column vector and 0 is a row vector.
Let initial state distribution be = ( 0 ; 1 ; :::; m ) and
We denote by X random variable of the time to reach to absorbing state m + 1. In this case the distribution of X is called a discrete PH distribution which is represented by ( ; T). Even if the Markov chain starts from the absorption state "0", it is also possible to apply the discrete PH distribution for positive individual claim size X i i = 1; 2; :::. Furthermore it is also known that t = (I T)1; where I is identity matrix of dimension m m and 1 0 = (1; :::; 1) : The cumulative distribution function of X is then given by
0 for x = 0; 1; 2; :::
and its probability mass function is f (x) = P (X = x) = T x 1 t for x = 1; 2; :::
The expected value of X can be computed the form of
The family of discrete PH distributions is closed under convolution. Note that, some useful properties of the discrete PH distributions make it attractive for risk modelling studies in actuarial sciences.
Suppose that X and Y are two independent discrete random variables that have phase type distributions with representations ( ; T) and ( ; D) respectively. Then, the distribution of X + Y turns into P H ( ; C) where 
Numerical illustration
In this section, we present numerical illustration when individual claim sizes are arisen from zero-truncated geometric distribution which is PH distribution for m = 2. Let = (1; 0) ; t = (0; 1 ):
In this case from Eq. (2.2), probability mass function is P (X = x) = 1 0 1 0
This distribution given by Eq. (3.1) is known to be geometric distribution of order "2" Eryilmaz [7] . Let de…ne cases with non-homogenous claim occurrence probabilities in each periods as follows: Table 1 . Claim occurence probabilities
In Case 1, it can be seen that the probabilities of claim occurrences are increasing for …rst 6 periods from 0:1 to 0:6 and after that it is decreasing for last 6 periods from 0:6 to 0:1. In Case 2, it can be seen that the probabilities of claim occurrences are increasing from 0:01 to 0:12 for 12 periods. In Case 3, probabilities of claim occurrences are decreasing for …rst 6 periods from 0:6 to 0:1 and after that it is increasing for last 6 periods from 0:1 to 0:6. Finally, in Case 4, the probabilities of claim occurrences are decreasing from 0:12 to 0:01 for 12 periods.
So, survival probabilities are calculated and presented in Table 2 -Table 13 for di¤erent values, which are probability of claims, by Eq. (1.10) when P (I i = 1) = p i for i = 1; 2; : : : ; 12. Table 13 . Survival probabilities for = 4=5 in Case 4
In case of nonhomogenous claim occurence probabilities, it is obvious to say that the survival probabilities are increasing when the u initial values are increasing and survival probabilities are decreasing for same u initial reserve level in later periods. It is also possible to see that the survival probabilities are decreasing for higher values of for each cases. Survival probabilities are decreasing for higher probablities of claim occurence with same level which can be seen by comparing the Tables are given for Case 2 and Case 4. Similar interpretations can be made for Case 1 and Case 3.
Conclusion
The theoretical assumptions of this study are basically taken from Tank and Tuncel [17] . In this study, survival exact probabilities in compound binomial risk model are calculated with nonhomogeneous probabilities where the individual claim sizes are discrete Phase Type distribution instead of geometric distribution. Probabilites are calculated by MATLAB software where the individual claim size distribution is discrete phase type distribution and presented in Tables 2-13 . By using the given probablities it is easy to calculate the ruin probabilities for an insurance company with respect to the parameters which are assumed.
As a possible future work, nonruin (survival) probabilities for dependent case of I i (i 1) and continuous time compound binomial risk model can also be studied.
